Two Dehn surgeries on a knot are called purely cosmetic, if they yield manifolds that are homeomorphic as oriented manifolds. Using Heegaard Floer homology, we give necessary conditions for the existence of purely cosmetic surgeries on knots in S 3 . Among other things, we show that the two surgery slopes must be the opposite of each other.
opposite signs. Moreover, when S 3 r1 (K) is homeomorphic to S 3 r2 (K) as oriented manifolds, Wu [17] ruled out the case that S 3 r1 (K) is an L-space, thus r 1 and r 2 must have opposite signs. In [16] , Wang proved that genus 1 knots in S 3 do not admit purely cosmetic surgeries.
In this paper, we are going to put more restrictions on purely cosmetic surgeries for knots in S 3 . Our main result is: Theorem 1.2. Suppose K is a nontrivial knot in S 3 , r 1 , r 2 ∈ Q ∪ {∞} are two distinct slopes such that S 3 r1 (K) is homeomorphic to S 3 r2 (K) as oriented manifolds. Then r 1 , r 2 satisfy that (a) r 1 = −r 2 ; (b) suppose r 1 = p/q, where p, q are coprime integers, then
and K satisfies (c) τ (K) = 0, where τ is the concordance invariant defined by Ozsváth-Szabó [10] and Rasmussen [13] . Remark 1.3. Ozsváth and Szabó [12] remarked that their method can be used to exclude cosmetic surgeries for certain numerators p. To illustrate, they proved that p = 3. Our Theorem 1.2 (b) implies a more precise restriction on p: −1 must be a quadratic residue modulo p. [12] gave the example of K = 9 44 . This knot is a genus 2 knot with τ (K) = 0 and
Remark 1.4. Ozsváth and Szabó
Heegaard Floer homology does not obstruct K from admitting purely cosmetic surgeries. In fact, S 3 1 (K) and S 3 −1 (K) have the same Heegaard Floer homology. However, these two manifolds are not homeomorphic since they have different hyperbolic volumes. This paper is organized as follows. In Section 2, we use Ozsváth and Szabó's rational surgery formula [12] to compute the correction terms of the manifolds obtained by surgeries on knots in S 3 . This gives a bound of the correction terms by the correction terms of the corresponding lens spaces. A necessary and sufficient condition for the bound to be reached is found. In Section 3, we review the Casson-Walker and Casson-Gordon invariants. Combining these with the bound obtained in Section 2, we show that if there are purely cosmetic surgeries, then the correction terms are exactly the correction terms of the corresponding lens spaces. In Section 4, we use the previous results and the method in [12] to prove our main theorem. In Section 5, we compute the reduced Heegaard Floer homology of surgeries on a class of knots that arises in this paper.
2 Rational surgeries and the correction terms
The rational surgery formula
In this subsection, we recall the rational surgery formula of Ozsváth and Szabó [12] , and then compute the example of surgeries on the unknot.
Remark 2.1. For simplicity, throughout this paper we will use F 2 = Z/2Z coefficients for Heegaard Floer homology. Our proofs work for Z coefficients as well.
Given a knot K in an integer homology sphere Y . Let C = CF K ∞ (Y, K) be the knot Floer chain complex of (Y, K). There are chain complexes
As in [11] , there are chain maps
Define maps
Adding these up, we get a chain map 
The above isomorphism is actually U -equivariant, so the two groups are isomorphic as
3 , the absolute grading on X + i,p/q is determined by an absolute grading on B + which is independent of K. The absolute grading on B + is chosen so that the grading of 
We have
Then ι maps T + isomorphically to the kernel of D + i,p/q . In particular, ι(1) should have absolute grading d(L(p, q), i). The absolute grading on B + can be determined by the fact
Bounding the correction terms
For a rational homology three-sphere Y with Spin c structure s, HF + (Y, s) can be decomposed as the direct sum of two groups: The first group is the image of HF ∞ (Y, s) in HF + (Y, s), whose minimal absolute Q grading is an invariant of (Y, s) and is denoted by d(Y, s), the correction term [7] ; the second group is the quotient modulo the above image and is denoted by HF red (Y, s). Altogether, we have
Since v + k , h + k are isomorphisms at sufficiently high gradings and are Uequivariant, v
Proof. The map v + k factors through the map v + k+1 via the factorization
Hence it is easy to see that V k ≥ V k+1 . The same argument works for H k .
It is obvious that V k = 0 when k ≥ g and
Theorem 2.6. Suppose p, q > 0 are coprime integers. Then
for all i ∈ Z/pZ. The equality holds for all i if and only if V 0 = H 0 = 0.
Remark 2.7. The first part of Theorem 2.6 easily follows from [7, Theorem 9.6] and [9, Corollary 1.5]. We will present a different proof, which enables us to get the conclusion about V 0 and H 0 .
is a doubly pointed Heegaard diagram for (S 3 , K), then
is also a Heegaard diagram for (S 3 , K). Hence the roles of i, j can be interchanged. It follows that v
For other s, let
By the definition of direct sum, η s = 0 when |s| ≫ 0. Using the facts that
and
Our key idea is the following lemma.
Lemma 2.10. Suppose p/q > 0. Under the identification 
Proof. Lemmas 2.5 and 2.8 implies that
Given ξ ∈ T + , define
For other s, using (2), let
As argued in the proof of Lemma 2.9, ξ s = 0 when |s| ≫ 0. Then ρ maps T + into the kernel of D T i,p/q . In light of Lemma 2.10, the grading of ρ (1) is
Using Remark 2.3 and comparing (1), the grading of
The essentially same argument can be used to prove the following:
Proposition 2.12. Let K be a null-homologous knot in a rational homology sphere Y , s is a Spin c structure over
where (s, i) is the Spin c structure over Y p/q (K) that corresponds to s and i.
Proof of Theorem 2.6. The first part of Theorem 2.6 immediately follows from Proposition 2.11.
for all i. In particular, V 0 = 0. It follows from Lemma 2.8 that Casson's SU (2) intersection theory was later extended by Walker to include reducible representations, who generalized the invariant to rational homology spheres. Most remarkably, Walker's invariant admits a purely combinatorial definition in terms of surgery presentations. The following proposition (see [1] ) is the special case of a more general surgery formula, when K is a nullhomologous knot in a rational homology sphere Y . Our convention here is that λ(S 3 +1 (T )) = 1, where T is the right hand trefoil.
Proposition 3.1. Let K be a null-homologous knot in a rational homology three-sphere Y , and let L(p, q) be the lens space obtained by (p/q)-surgery on the unknot in S 3 . Then
Definition 3.2. Given two coprime numbers p and q, the Dedekind sum s(q, p) is
where
The next proposition is well known and can be found in [1] . 
where 0 < q ′ < p is the unique integer such that′ ≡ 1 (mod p). Proof. If λ(L(p, q)) = 0, we must have q + q ′ ≡ 0 (mod p) in view of formula (7). Together with the definition of q ′ , we immediately see
On the other hand, it is well known from the classification result of lens spaces that L(p, q) is orientation-preserving homeomorphic to L(p, q , q) ). This implies λ(L(p, q)) = 0. 
Casson-Walker invariant is closely related to the correction terms and the
|H 1 (Y ; Z)|λ(Y ) = s∈Spin c (Y ) (χ(HF red (Y, s)) − 1 2 d(Y, s)).
Casson-Gordon invariant
Let us recall the following G-signature theorem for closed four-manifolds.
Theorem 3.6 (G-signature Theorem). SupposeX π − → X is an m-fold cyclic cover of closed four-manifolds branched over a properly embedded surface F in X. Then, 
Consider a closed oriented three-manifold
It is a standard argument to see the independence of the definition on the choice of the four-manifolds coverW → W . SupposeW ′ → W ′ is another cover that boundsỸ → Y , then we can construct a branched cover −W ′ ∪ỸW → −W ′ ∪ Y W of closed four-manifolds. It follows readily from Novikov additivity and the G-signature Theorem that the invariant is well defined. A surgery formula for the total Casson-Gordon invariant was established in [1] . Proposition 3.9. Let K be a knot in an integral homology sphere Y , then
Quite amazingly, the total Casson-Gordon invariant of the lens space L(p, q) is also related to the Dedekind sum [1] .
Cosmetic surgeries with slopes of opposite signs
In this subsection, we derive an obstruction for purely cosmetic surgeries with slopes of opposite signs. We prove:
and there exists a one-to-one correspondence
for every s.
It is a natural question to ask what three-manifolds may be obtained via purely cosmetic surgeries on knots in S 3 . The above obstruction enables us to eliminate the following class of three-manifolds that includes all Seifert fibred rational homology spheres. Proof of Proposition 3.11. Using the surgery formulae (6) (8), we can compute the Casson-Walker and Casson-Gordon invariants of Y from its two surgery presentations and obtain
In light of Proposition 3.3 and 3.10, we must have ∆
This, according to Theorem 3.5, implies
It follows from Theorem 2.6 that d(S With negative surgery coefficient −p/q 2 , Theorem 2.6 implies that
Therefore,
This forces
and the identity everywhere else, which concludes the proof.
4 Proof of the main theorem
Proof. Consider the commutative diagram
Since V 0 = 0, v + 0 (1) = 1. Since j B (1) = 1, the above commutative diagram shows that v 0 is nontrivial in homology. Thus ν(K) ≤ 0.
Proof of Theorem 1.2. By the result in [17] , we only need to consider the case that r 1 , r 2 have opposite signs. Suppose r 1 = p/q 1 and r 2 = −p/q 2 , where p, q 1 , q 2 are positive integers, gcd(p, q 1 ) = gcd(p, q 2 ) = 1. By Proposition 3.11, [12, Lemma 9.2] and [10, 13] ), τ (K) ≤ 0. The same argument can be applied to K to show that
Since ν(K) = τ (K) or τ (K) + 1 and ν(K) ≤ 0, we must have ν(K) = 0. So we can apply [12, Proposition 9.8 ] to conclude that r 1 = −r 2 .
Using Proposition 3.11 and (6), we conclude that
So λ(L(p, q 1 )) = 0. The fact that q 
The computation of HF red
In order to get more information about the knot K, we need to consider the reduced Heegaard Floer homology HF red of the surgered manifolds. We present our computation here since it may be useful for future research of cosmetic surgeries.
is isomorphic to HF red (S as follows. Given ξ ∈ T + , let σ(ξ) = {(s, ξ s )} s∈Z , where
We claim that there is a short exact sequence
In fact, σ is clearly injective and the image of σ is in the kernel of D Given
We claim a short exact sequence
It is routine to check φ • D T i,p/q = 0. Moreover, suppose φ(η) = 0. Let M > 0 be an integer such that η s = 0 whenever |s| > M . Define
We can check D 
